With the rapid development of drone technology and digital camera technology, the method of obtaining high-precision coordinates based on UAV aerial photogrammetry technology is popular. The plane coordinate accuracy of the aerial image of the drone has been able to meet the needs of practical applications, but the elevation accuracy is generally low. Aiming at the low elevation accuracy of UAV aerial photogrammetry, a multi-face function fitting method based on Vondrak filter optimization was proposed. The improved fitting model was used to obtain the elevation correction value of the aerial image, thereby obtaining high-precision image elevation data. In this paper, based on the traditional multi-face function fitting method, some known points were used to model and find the difference between the measured elevation value and the measured elevation. The Vondrak filter was used to smooth the fitting result. Finally, a small number of known elevation points were used for checking, so that the obtained elevation was compared with the actual elevation. The experimental comparison showed that the improved multi-face function fitting method used Vondrak filter was improved by 34.76% compared with the quadric surface fitting, and improved by 14.48% compared with the optimized cubic surface fitting method. Research shows that the multi-faceted function method based on Vondrak filtering is superior to the traditional elevation correction method. The experiment verifies the effectiveness and feasibility of the improved method, and provides some reference value for the research of aerial image elevation correction model. This contribution has been peer-reviewed. https://doi.org/10.5194/isprs-archives-XLII-3-W10-1313-2020 | © Authors 2020. CC BY 4.0 License.
INTRODUCTION
With the rapid development of UAV aerial photogrammetry technology, based on its flexible activities, fast response, high mapping accuracy and rich products, the UAV aerial photogrammetry is widely used in surveying and mapping (Zhang, X. X.,2019) . Due to the influence of terrain fluctuations, camera attitude and hardware equipment during the mapping process, the measured elevation accuracy is generally low (Lin Y., 2019) . In order to solve the problem of low elevation accuracy of UAV aerial photogrammetry products, many scholars have carried out a large number of experimental studies on the calculation method of elevation correction values (Wang Y., 2018) . The elevation correction value fitting model is a common method. Due to the influence of observation data and terrain fluctuations, each fitting method has its limitations, it is difficult to meet the accuracy requirements required for actual production (Yin, Y. J., 2017 ). An optimal non-negative variable weight combination model based on plane fitting, quadric surface fitting and GA-BP neural network was proposed and the experimental comparison showed that the accuracy was improved (Li, F. D., 2017) . Vondrank filtering can effectively smooth the observed data, so that the fitting results approach to the actual value, while multi-faceted function has a better fitting effect for the research area with complex topography, and can approach the actual research area by superposition of simple curved surface into any curved surface (Wu, Y. Y., 2012) . In order to obtain more reasonable elevation innovation, this paper puts forward a multifaceted function fitting method based on Vondrank filtering improvement, and use filtering to process observed elevation innovation data and eliminate the influence of noise on the process of establishing the model, it provides more reasonable and effective reference basis for modelling to provide more reasonable reference basis for constructing the fitting model.
2.VONDRAK FILTERING

Basic Vondrak Filter Description
Vondrak filtering is a smoothing method based on the Whittaker smoothing method of the Czech astronomer J.Vondrak in the 1960s (Wu, Y. Y., 2011) . The smoothness in the original definition is changed to the 3rd-order difference squared sum of the smoothed values. It was suitable for processing equally spaced or non-equidistant observations. The basic idea can be described by the following basic criteria:
(1) In the above formula: F is the fitting degree of the observation value, which reflects the approximation degree of the fitting curve and the observation curve; S is the smoothness, and the smoothness of the curve is determined by the magnitude of the smoothed value. About ten years later, J.Vondrak replaced the fitness and smoothness with their average values respectively in 1976. The improved basic criteria expressions are as follows:
In equation (2): n is the total number of observations; p express the weight of the observation; i y is the observation, and i y  is the smoothed value. Defined the 2 1/    as a smoothing factor, which balances the fitted and smoothed values (Li, H. R., 2012) . The principle of Vondrak filter smoothing is to represent any adjacent four smoothed values by a cubic Lagrangian polynomial. The calculation rule of this polynomial is only applicable to the middle two points of the smoothed value. The 3 i y  express third-order difference representing the smoothed value, which is calculated as follows:
In the above formula, the coefficients a, b, c, and d are calculated as follows:
According to the expression (1), in order to minimize the value of Q, the condition is satisfied: 
Among them, the coefficients are as follows:
Combined with the above relationship, the Vondrak filtering result of the observed values can be obtained by solving the solution of the equation (4).
Weighted Least Squares Vondrak Filter
Considering the fact that the observed values may contain gross errors, in order to avoid the influence of gross error on the modeling, the weight matrix was introduced to the basic Vondrak filtering method, and the filtering method was optimized by weighted least squares to make it resistant to gross error. Combined with the basic criteria, the Vondrak filtered least squares improved expression is described as follows: (5) In equation (5), the specific calculation expressions of each parameter are as follows:
Among them, the matrix A is a strip-type diagonal matrix, which is only related to the parameter n, and the matrix E is an identity matrix. The matrix D is the product of the weight matrix and the correction matrix, namely:
After the derivative calculation and simplification, the following expression is obtained:
The Vondrak filter with improved weighted least squares is more convenient and concise. According to equation (6), the filtered sequence value can be obtained by simply setting the appropriate smoothing factor.
MULTI-SURFACE FUNCTION
The multifaceted function is a process of approximating an arbitrary rounded surface with a number of single-valued mathematical faces (Tian X., 2017) . The specific method of fitting is to create a mathematical surface at each data point, superimposing the rotating surfaces in a certain proportion in each direction and forming a continuous curved surface to pass the fitted data points. According to the multi-face function fitting principle, let the known surface function be ( , ) f x y . If the function ( , )  x y satisfies the equation follows:
We call ( , )  x y is surface function of the function ( , ) f x y .
The approximation function ( , )  x y is expressed as the following expression:
The International Archives of the Photogrammetry, Remote Sensing and Spatial Information Sciences, Volume XLII-3/W10, 2020
International Conference on Geomatics in the Big Data Era (ICGBD), 15-17 November 2019, Guilin, Guangxi, China
In the above formula:  is the undetermined coefficient, Q represents the kernel function, u indicates the number of kernel functions, ( , ) j j
x y is the node coordinates of the selected central position.
We can choose any simple function as the kernel function, but in order to make the calculation more convenient, we usually choose the symmetric or distance function as the kernel function. The fitting of spatial data can be divided into "clock" type kernel function and "bowl" type kernel function. The following three kinds of kernel functions are often used in multi-face function fitting： Positive hyperbolic function expression：
Inverted hyperbolic function expression：
Cubic surface function expression:
In the above formula,  represents the kernel function smoothing factor, which can be used to adjust the shape of the kernel function.
With n sets of observations ( , , )  
In the formula (12) 
In the above formula, each matrix is represented as follows: 
x y x y Q x y x y A Q x y x y Q x y x y
According to equation (13), using the principle of least squares, the coefficient terms can be obtained as follows：
After solving the coefficient matrix  and substituting into equation (8), the multi-face function fitting model can be obtained, and then the function value of the to-be-determined point can be obtained according to the known coordinates.
POLYNOMIAL SURFACE FITTING
The basic idea of surface function fitting model is based on the functional relationship between the plane coordinates of the known points in the measurement area and the corresponding elevation correction values, the smooth surface in the measurement area is fitted by the numerical function, and the actual elevation value of the fixed points is obtained. There are quadric surface fitting method and cubic surface fitting method in common polynomial surface fitting (Xiong, Z. Q., 2017) . The elevation correction of the observation point has the following relations with the plane coordinates:
We call ( , ) f x y is surface function of the function  . v is the fit residual. Expanding the function f in the above equation according to the polynomial can be expressed as:
y a a x a y a x a y a xy a x a y a x y a xy
According to the above two expressions, the error equation can be written into matrix form as follows:
In the error equation (17), each matrix is represented as: 2 2 1 1 1 1 1 1 2 2 2 2 2 2 2 2 2 2 1 1 1 n n n n n n
x y x y x y
According to the least squares method, the solution in (17) can be obtained as:
The quadric surface fitting model takes the first six terms in equation (16). There are 6 coefficients in the model. The cubic surface fitting method selects the first 10 terms in equation (16), that is, the 10 coefficients of the demand solution model. The coefficient term X in the formula (18) is substituted into the equation (16) to obtain the elevation correction value of the point to be determined.
THE CORRECTION EXPERIMENT AND THE PRECISION ANALYSIS
The experimental data is derived from the literature (Lu, X. P., 2014) , the point distribution is not uniform, the first 9 points are selected as the known data to establish the elevation correction model, and the data of the last 9 points is used to check the fitting accuracy of the model. The difference between the actual elevation of the point and the measured elevation is taken as the known data of the fitting. At the same time, the plane coordinates of each control point are considered, and the plane coordinates are normalized and used for building a model experiments.
The same batch of data is processed by quadratic surface fitting method and multi-face function fitting method respectively. The elevation correction number was calculated when Vondrank filtering was not added, and then using Vondrank filtering to improve the fitting residuals in different cases shown in Table 1 It can be seen from Table 1 . that whether it is a quadric surface fitting or a multi-faceted function fitting, the residual difference obtained by adding Vondrank filtering is much smaller than the residual value improved without filtering, and the overall fitting is the residual is more stable. Through calculation and comparison, the accuracy of the quadric surface calculated by the improved method is ±0.2842m, and the improved fitting accuracy by using Vondrank filtering is ±0.1979m, and the improved fitting accuracy is improved by about 30%. In the multi-face function fitting method, the accuracy of not using filtering is ±0.2719m, and the improved fitting result by adding Vondrank filtering is ±0.1854m, and the overall accuracy is improved by about 31.8%. It can be seen that the improved method of fitting the elevation correction value is superior to the traditional method, and the accuracy of the fitting model is greatly improved.
In order to further illustrate the effectiveness of the improved method, the improved multi-face function fitting method is compared with the quadric and cubic surface fitting results. The comparison of the multi-face function fitting method improved by Vondrank filtering with the uncorrected fitting method of the quadric surface and the residual of the improved cubic surface fitting method are shown in Table 2 . and the accuracy of the three methods, the accuracy of the fitting model improved by Vondrank filtering is the highest among the three fitting methods, that is, the accuracy of the checking is ±0.1854m, which is better than the other two. The method has a good fitting effect. Although the improved cubic surface fitting method is better than the quadratic surface fitting method before the improvement, the overall improvement accuracy is not very large, so it is not the best fitting scheme. At the same time, it can be seen that by comparing the fitting residuals of the nine checkpoints, the improved method is more stable and the residual fluctuation range is smaller. The improved method is more suitable for the fitting calculation of the elevation correction value. In order to verify the validity and feasibility of Vondrank filtering, the filtering improvement method is applied to quadratic surface and multi-faceted function respectively for fitting calculation. Firstly, Vondrank filtering is added to two different fitting methods, and the calculation method is added when no filtering is added. The residual results are obtained for comparison. The calculated four groups of fitted residuals are shown in Figure 1 . It can be seen from Fig.1 that the solid line graph is the improved fitting residual after adding Vondrank filtering, and the two solid lines are close to the place where the residual result is the smallest. Among them, the red solid line is the multi-faceted function plus the improved residual of Vondrank filter, which is also the most stable curve, which is much better than the unfiltered method. The solid blue line is the improved trend of quadratic surface fitting plus Vondrank filtering. This method is slightly lower than the improved multi-faceted function, but much more accurate than when no filtering is used. It can be seen that the improved fitting method using Vondrank filtering is more effective and feasible. The above method was compared with the cubic surface fitting method improved by filtering, and the fitting residual trend chart shows in Figure 2 . The red solid line is the improved fitting method studied in this paper. The overall trend tends to be stable, and the fitting result is better than the other two methods.
CONCLUSION
Aiming at the problem of low elevation accuracy in UAV aerial photogrammetry technology, this paper used Vondrank filter to improve the method of fitting the elevation correction value of multi-faceted function. The improved multi-faceted function was compared with the traditional quadric and cubic surfaces respectively, and the superiority of the method after adding Vondrank filtering was verified. The comparative analysis shows that the improved method was 34.76% more accurate than the quadric surface fitting method, and 14.88% higher than the accuracy of the three-optimized surface fitting method. The experimental research shows that the improved multi-face function fitting method based on Vondrank filtering is effective and feasible in the aerial photography elevation correction of UAV, and has obvious effect on improving the fitting precision.
